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A semi-empirical theory is presented for determining the spanwise aerodynamic
loading on a single-bladed helicopter rotor in hovering and low-speed forward
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A seml-empirical theory is presented for determining the spenwise aerodynamic
loading on a1 single-bladed helicopter rotor in hovering and low-speed forward flight.
The theoretical portiocrn of the method employs the classical vortex theory for which
the position in space of the tip vortex is required for analysis. It is shown that 3
for the lovering case, the position can be theoretically determined to a good degree )
of accuracy and the results are compared with experiment. However, for the low-
speed Yorward flight case, the necessary parameters for describing the position in
space of the tip vortex were determined from a seriee of smoke studies in which
smoke was introduced into this vortex and the resuiting flow patterns were phoia-
graphed. Charts are presented of the results cf these studies and a cemi-empirical
method is developed for calculating the aerodynamic loading. Sample calculations
of the component of the iniuced velocity normal to the tip path plane are made and
the spanwise aerodynamic lcadinge are computed for the hovering flight case and for
two blade azimuth positions in forward flight. It is shown that the integrated
theoretical loadings in all cases are within one per cent of the measured total
thrust and that the shape of the loading curve corresponds, in a general way, with

the actual shape.
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Z Introduction

There has been much effort expended on the basic problem of the determination
of the variation of the inflow velocity at the blades of a lifting rotor in hovering
and in forwvard flight. A review and discussion of most of this work except for the
most recent may be found in either of references 1, 2 or 3. At present, both ex-
. perimental and theoretical means are still being vigorously employed. For instence
¢ references 4 through 9 are indicative of the experimental work that is being carried
e out. The first four of tbese references are concerned with the determination of the
inflow distributions from experimental blade pressure measurements, and the remaining
two are devoted to the direct measurement of the flow field. The NACA works are
very interesting and have done much to point out the intricacies of the flow phenom-
i ena. References 10 and 1l are indicative of the theoretical approach and they, too,
] Liave made notable contributions to the state of the art. The former of these
4 > reports adopted a rotor wake configuration in which the vortex distribution consist-

! E; ed of "a straight elliptic cylinder formed by a uniform distribution of an infinite
t number of vortex rings of infinitesimal strength, lying in planes parallel to the

: tip-path plane and extending down stream to infinity"; the latter, a wake distribu-
T. 3 tion of concentric elliptic cylinders similarly formed. This type wake pattern

i ; should correspond most nearly to a rotor having an angular velocity of rotation and
e. blade loading such that the inflow velocities are very emall in comparison with
the blade tangential velocity.

98 ot B

Basically, this same classical vortex concept has been employed in this paper

but at the other extreme, namely for a moderately loaded, single-bladed rot ~ from
y vwhose tip 1s shed a single vortex equal in strength but opposite in sign t¢ .ne

R I strength of the vortex sheet shed inboard along the blade. As is well known, this
ol I | fundamental vortex concept of a 1lifting surface and its trailing wake of vorticity
- ” has been applied with varying degrees of success to the problems of the fixed wing
N 7 aircraft. The primary reason for the early successes of this approach has been due
p ! to the fact that the displacement of the position in space of +he trailing vortex
3
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sheet associated with the flow field induced by the passage of %= lifting surface
has been szmall. For the case of the 1ifting rotor in hoveri=g flignt and up to

- moderate rates of forward flight, this 18 obviously not irue. Neglecting the move-
ment of the vortex system can lead to rather serious errors in the distribution of
the blade aerodynamic loading. This makes it necessary that the induced velocities
of rotation, contraction, and translation of the vortex lines making up the wake be
included in the theory. It is in ihis area that this paper presents an advancement
in the aerodynamic anrlysis of a rotating rotor blade. Apparently, the reason vhy
this approach has not been taken before is that, as it 'will be shown, the calcula-

y St tions are guite lengthy and laborous. However the advantages would seem to

‘ overshadow this disadvantage in that this apprcach ylelds more accurate results,

{ autometically accounts for the tip losses, and ylelds a periodic flow field.

e

e e e e e b e
M T.

There éoes not appear to be much direct background material for this approach.
Goldstein, in his fumous paper, reference 12, found a solution to the problem of
the "potentiel flow past a body consisting of a finite number of coaxial helicoids
5 of infinite length but finite constant redius moving through a fluid with constant
g velocity". ILock, in reference 13, applied Goldstein's theory to the practical design
of propellers, making alsc an sllovance for tip loss. Reference 14 considers the
2 motion of a Lelical vortex exiending to infinity in both directions and the conditions
| under which it would be stable. Reference 15 and 16 consider a loaded propeller
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vith a smsll numter of Lxlades with helical vortices springing from the tips and '
orming the wake. :‘.-:':eve‘.v the vertices are assumed to ‘ncve downstream at the free- ]
strewn velocity and t:t mOvwement of the vortex system due to tne induced flow field !
. £ ncglected. Perhups v 0 :}Xt‘nrz best scurces is Lamb's E3drodynamics, reference
17, :ince chapter VII ol %18 k-efzrence provides the start_ng point for the follow- i
ing rnaalysis. R J

Ssrtols 4
X a lccal slope -f (3 §<t curve, per radian ,
v, 3
N A,B)C geometiric charecRteorisiics 1n wake eguatic‘t‘x‘ = 5
‘é * R[:= A+ Be"\'ntam.’-lk +» Ce™ ]
* ] ‘
: £ local blade cnor§a, rt.
' < local blade sec.F.ion 1ift coefficiexzt
. . :
. . a '
- CT rotor thrust ccd.rrictent, 7T + (pr2°R )
F e
Cx tip vortex sir<i ngth coefficient, J¢ < (‘hrR A n)

elliptic 11:7-951. sal of the second kind

Eon
‘ ‘, FM elliptic first kind
N G poine ¢ of the induced velocity is desired
E‘ H point cof “$:22y that the circle of radius equal to the radius
i Of curvature {3;f ‘ke helix makes with the helix
3 I,,L,I, integrale -t B ireé by eqs. A-22, A-23, and A-24
CILA B O
p L | -r -
i deflued oy o
. ;; ""2’&)']; 24
- I N
Bl k =1 - L5
,_. K‘,K; hovering Y¥iignt coefficienis in vertical displacement equation
. of tip vo/¥ ter
- .
:: ' K,..r forward f 1igiv, cevameters describing the displacement of the tip
k- ] vortex Pg ormal to the tip pauvh rlane, (eqs. B-3 through B-9)
9
h_‘ Kx forwarf§ rlight Lo-izontal motion parameter defined by eq. B-2
3
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mmber of helical vortex filaments used to approximate the vortex
sheet in hovering flight

= K'.' - K’tu'

* Kl’o' - K‘xn'
» -
K’co' K’zn'
mmber of vortex filaments approximating vortex sheet in forward
flight analysis
radius of helical tip vortex, ft.

radial distance from helix axis of any point at which the induced
velocities are desired, ft.

radial position of vortex filaments as defined by eq. A-53, ft.
radius of point (x,9,%) on helix from wake axis (Xy -axis), ft.
radius of r~tor, ft.

pon-dimensional induced velocities associated with tip vortex

ncn-dimensional induced velocitles assoclated with vortex sheet
in forwari flight

tire, measured from % , Ee€c,
tize required for wake to reach steady configuration, sec.
rotor thrust, lbe.

redtal velocity component assoclated with vortex sheet in forward
flight, ft/sec.

redial induced velocity associated with lifting line, ft/sec.

radial induced velocity associated with tip vortex, ft/sec.
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l,,ﬂ.‘,u‘ induced velocity components parallel to XY2 -axes respectively,
ft/sec.
Ny tangential induced velocity component assoclated with vortex 1
sheet in forward flight, ft/sec. .
Y velocity along flight path, ft/sec.
q
yf‘ induced velocity component along & -axis that 1s associated with :
the vortex sheet in forward flight, ft/sec. |
o axial induced velocity assoclated with lifting line, ft/sec. .
My axial induced velocity associated with tip vortex, ft/sec. i
L
: x non-dimensional blade station, 7} /R Jl
3 ) 4 non-dimensional blade station at which vortex filament is shed ‘
; in hovering flight
3 X non-dimensional blade station at which vortex filament 1s shed in
'—", forward flight
- X4, coordinates of point, H , at which the value of the induced
velocity is desired, ft.
.
E 2')'1',3' coordinates of centerline of helical tip vortex, ft.
5 Xyz axes fixed to center of curvature of the helix: X -axis lies along

the radius of curvature of the helix; Y -axis lies in Pplene of the
circle determined by radius of curvature

'r. x;,Yh)z;. axes fixed in space with Eh -axis lying alcng the helix axis.
Point (%73,%) 11es on X} -axis
é 2 axial displacement of vortex filaments as defined by eq. A-52, ft.
:
: 2, axlal distance of any point at which the induced velocities are
desired fraom helix axis in hovering flight, ft.
i Z displacement of point on tip veortex normal to tip path plane, ft.
L
[’I- et in hovering flisht, the azimuth angle of any point at which tlae
.- induced velocities are desired froum the XA ~axis, radians
P-' O B
:-f:' :_ &< in forward flight, the engle of ettack of the tip path plane,
; - positive below tip path plane, degrees
L. cC shaft angle of attack, positive for forward flight velocity com-
i S ponent in negeative £ -direction (i.e. upwerd), degrees
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ﬂo blade coning angle, degrees '
'6 in hovering flight, the angle variable of integration measured
from X -axis in plane of circle, radians
in forward flight, the azimuth position of a point on the hLelix ' a
from downwind, positive in direction of rotation, © § ¥ $27, radians 't
s the angle totween X -axis and the point{%y,2) measured about the
2 -axis, radians
£ radius of core of tip vortex, ft.
]
6 local collective blade pitch angle, radians unless otherwise noted
9. blade root collective pitch angle, radians unless otherwise noted
% strength of tip vortex, sq.ft./sec.
AL A exponents in wake equaticn
vf2 W-14 <
T= R[A +Be 4 a0t +Ce ,\;Qtl
: X = Wiy /QRA
/A' advance ratio along flight path, V/D.R
v in hovering flight, the angle about wake axis (), -axis) between
X -axis and X} -axis, radians
by in forward flight, the azlimuth position from the blade feathering
axls of the point ir space at which the value of the inflow
velocity is desired, positive in direction opposite to blade
rotation, radians
f){*; axes fixed to polnt (X%,7) vith § -axis lying along X‘I -axis and
i N -axis lying in »ﬂ‘ ~plane
[ f' mass density of air, slugs per cubic ft.
o
' Pa radius of curvature of helix, ft.
¢ = x*+ gt
/
- F R z x’a + .-3'1
L !
| dist between the point (4§,2) and eneral it./ ?)on the
P hels.ifcglevo;teg, ef. P ¢i4/%) and a general poin ('?'5
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y ik f. least distance from point(ﬁ',q,i) to the tangent circle, ft.
. } ; !
h2 . Pl greatest distance from the point (%9,d) to the tangent circle, ft. ;
; % 4 ? pitch angle of central curve of hellcal vortex, radians ‘
2 b
o b 3 vake skew angle, angle lying in the longitudinal plane between ;:
3 the no-feathering axis and the extended trailing edge of the ]
? wake, radians
. b
E.- * azimuth pesition of blade feathering axis, measured in direction i
o of rotation from downwind,0$ ¥$2¥, radians .
'
* azimuth position of a point nn the helical tip vortex measured
from blade feathering axis, positive in direction opposite to
blade rotation, radians
1 w, angular induced velocity associated with 11fting line, radians/sec.
: wy angular induced velocity associated with tip vortex, radiang/aec.
VB D = wr, /0
. | . Q angular velicity of blade, radians/sec.
oy :
Sy .
] ’ : Subscripts:
1 E.‘ f vortex filament
{ §
i 3
| E L lifting line
) B
; T tip vortex
rf’* @« ultimate wake
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Part A. An Isolated Rotor in Hovering Flight
i o Introduction

In this section a theoretical method of determining the blade spanwise
serodynemic loading of a single-bladed helicopter rotor which is based on
the classicel vortex theory will be developed and the results compared with
the experimental data of reference 18. It was ehown in that reference that
the integral equations derived therein for the inflow velocities had to be eval-
uated by either numerical or graphical means. Since this report was published,
a method has been devised for evaluating these integrals in a piece-wise man-
ner. Then the inflow velocity at any point is the sum of these picce-wise Zn-
tegrals taken over the extent of the vortex.

Theoretical Analysis

As before, a single-bladed rotor will be considered in which the blade
18 replaced by a 1lifting iine of the proper circulation distribution. The
wvake will be considered to be composed of two paris: a single vortex, shed
from the blade tip, of finite size and of streagth equal to the maximm value
of the lifting line circulation; and a vortex sheet, shed inboard along the
blade from the point of maximum 1ifting line circulation, and equal in strength
to the change in circualation of the lifting line along the span. This wake con-
figuration is modeled after the observed configuration as obtained from smoke
studles as shown 1n figure 1.

In the enalysis, it will be assumed that the rotor has been hovering for
a sufficient length of time, T, , so that the wake has reached its steady
state configuration. In addition, the blade will be taken to be perfeetly rigid
vith a zero coning angle,

It will be assumed that the presence of the vortex sheet in the flow field
has negligible effect on the motion of the tip vortex. Then, specifying the
vortex strength coefficient, completely specifies non-dimensionally the entire
flow fleld associated with the helical tip vortex. For according to Lamb,
reference 17, the induced velocity components assocliated with an isolated re-
entrant vortex-filament situated in an infinite mass of incompressible fluid
which 1s at rest at infinity are

5 ’ - X
- Uy = gr { &Y (e Q) A’l ("3 ?)} (A-1-a)
X X 42’ ’ Ax’ ’ } J_‘_
& Uy * v/{n(""') 23 (2-%) fl (A-1-b)
o < . ~-]1-C
2 “ .,mf{z.w(‘a -9 - 42 - “} N U-r-d
o where the integration must be performed over the entire length of the vortex and
o (¥, 9, ) defines the point in the flos {ield under consideration
® (points within the vortex core are excluded from the analysis unless it is stated
3 otherwise), (7 ? ,2) , & variable point on the helix, £ (rho)
o 8
"\. "
»
o
{. :
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the distance between the two points, and 2 (kappa) the strength of the vortex.
Now, in order to utilize these equations, it is necessary to know the position in

. spece of the vortex. From some smoke studies which were discussed in reference 18,
it was observed that the radius of the helical vortex as a function of its azimuth
position from the blade may be closely appraxiiated by the relationship

r = R[A+ Be- "t s Ce “'nt_]

(a-2)
and that the tangent of the helix angle, , » may also be closely approximated by

. A :
PRIy Unponr W ¥ S BRIl R

K, R il ]

tng = & osat<ar (A-3-a) 4
. ke i

—--; ar <t {A-3-v) ¥ i

vhere A, B, C, Ky, K, /\, and "a are the geametric parameters to be determined. i ]

In reference 18, the integral equations were deve_oped for the motion of the
helical vortex; for the general case of eny point in the flow field; and for the
special case of the feathering axis of a rigid blade with no built in coning. As
pointed out before, these integrals, in the form in which they were given, could
only be evaluated by numerical or graphical means. For this reason, it was not

feasible to try to theoretically evaluate all the gecmetric parameters. It was HE
shown that could be evaluated in the ultimate wake and that A and C could be 3 ]
* very easlily evaluated from simple momentum considerations, so that
£
. A= 7071 + 3 (a-4)
£
C= .293- 3 (a-5)

where € 1s the radius of the cross-section of the tip vortex. The remaining
parameters were determined from a series of smoke studies. The result was a

semi-empirical theory for calculating the spanwise aerodynamic loading of a single-
bladed rotor.

However, 1if the helix is considered to be made up of circular arcs of radius
ual to the radius of curvature of the helix and lylng in the plane defined by

| the tangent line and the principal normal to a yoint on the helix, then the re-
.‘-:" L sulting integral equations may be integrated over an intervel + AY¥ and then
A suwaned over the entire length of the helix.
o
L ¢ In figure 2, the X, , ¥, % axes are fixed in space with the &) axis
- lying along the helix axis. The §3% exes ere fixed to the point under con-
¥ sideration, A , with the § axis lying along the X, eoxis, and the % axis
" lying in the X 4, plane. The X4@ exes are fixed to the dashed circle which
is tangent to the helix at the point 4 . The radius of this circle is equal to
. the radius of curvature of the helix at that point. The X axls intersecis the
® eh axis and intersects the circle and helix at the point of tangency, and is
r *® -
L
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e

parallel to the Xy 9, niane. The #  axis makes an angle

(the helix

pitch angle) with the X2  plane. The angle »  is measured from the X,

axis to the projection of the X axis in the Xy %) Dplane.
is measured from the X axis in the plane of the cirecle.

The angle Yy

Then the coordinates of the point & 1in the XM # coordinates are , for

r and Y7 measured from the helix axis,

x = rhdy + 8w
~ = -Z.a:.\p-romydun

2 - -qu-fr.“‘..?a&.»

vt » « RIA* 8 o)y ceh 9V ]

r s R[A+Bc""mu‘.. at + Ce""nt]

Z = K,Rv o:»’nt<2ﬂ;nf‘2ﬂ

> K R(@r-athkRr(@-ar+at)  v+atsam; at<aw

= Kz Ry y+at >2n; nt>ar

= K R(2m-aHikRy-2m0t) os¥+atcar s atrar

(A-6- o)

(A-¢-b)
@-¢-o
@-7)

(A-9-b)
A-9-¢)

A-9-4)

The coordinates of the segment of the helical vortex, now considered to be a cir-

cular arc are

X = 7'4’4'? oz ¥
S ru-czq; PYISR 1

2 = 0

/0
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(A-10-a)
(A-10-b)
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B ) In these latter equations, terms of second order in 4, am Jl have been
neglected so that the radius of curvature, f; » of the helix is given approx- |
i, imately by
i e
I C = racie (a-11)
S E
. ; F For P = constant, this relationship 1s exact.
g' The other terms in equations (A-1) are as follows,
gﬁ* '
i E i = radeeto(fay 11 gy ) n (-2
0y 3
y | E
3 s ] &
: - v 0
{ ‘;: ;&—_‘1 = rm’qp m'6+(2f,-0¢’9+27‘t..9m‘¢ :‘,—-2)0.\1 (A-lb ‘)
i s '
1t £=-o (A-12-9)
1 . ¥
! -
i 7, b .
I ®-x) = )'-ta..‘a? LR AL LR PYVRTRIDY | @-13-2)
X Q‘a’v') = "'Zo‘-n?-)"m,&v- Patep oY (A -13-b)
4 @-a')-‘-'-me-n;olnya..: (A-13-¢)
4
p Pa = (x-x)%, («a-«a’)’+ (a-z')'+ €
&f_ Let -e-z = X'+ ?z
b ’ i 2
=2 = 4 '
i P X'+

H

. | then P‘ (E-i')z + Fz 4 P"z-aFe"m(S*"‘) v €

where

S = c,ft'fa“ jz«»%ig + 1, @ aa Y
rt\w\:? + )ﬂ’mv
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{. For Yy = -§ :
_,f" . 2 3 ":
% B = @-¢)* +(¢-8) i
E vhich is the least distance from the point & to the circle M Zpiie s ot i
; d

@-2') l+ (E*E‘)zf tl

which is the greatest distance from the point G » to the circle H 5

In terms of F, and P; .

e H(BTHRY)- H(BE B e (5+7)

Let §+7Y = N - ZF A .i

) then o (§+¥) = 24~ 1
- P? = P: (t-k";-.‘ﬁ) '

where l: /P 2) (A- /#)
4 . Ya
r;. Hence P € P (' a hl“"* z[’) (A -15)
:" Qnd ] 2 ‘ F 3

- £ E = pis r + 7 +aritgacie (1 - on»)

=205 b arn [ty e s - anp (o Ts + aneg wns)]

:_"..j : -arn? &.qua-‘.\» + & @A-16)

&)

K- | 2 3 2 1L 2 a

bl Pz = oy +r.‘ +Z + 2P 9 asc q(l+u—z.n)

E':'? + Z”ﬁ[t'“l?“"‘”*“‘-?(“"*z” *“‘“‘9“""3”)]

}'.'. d +2rZ'(L“¢m?4-'-.~»+ £t (A-1)
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C The incremental velocity components at the point 6 associated with the "q'
circular arc vortex segment are found by substituting the above expressions into 14
equations (A-1). i

- )
b

i

sl ;J

¥,

+7 a..‘pwv]}'—r (4-18-9)

ﬁ[”"‘ YT~ (‘“ m¢+er9m¢J,)m*J[ z“‘f
+r.-q.~.v]} pI (A-18-4) ,

U, 4,J{Fr.«;9m1s (J't m,+2rt9“¢z§)“,]lrt‘ ¢ +7, e ®

~Parpiony) * ["ﬂ‘réﬂ "(E“ ocptarligan’s ﬁl*ﬁ"‘ "Izﬂ ?

. - ¥
+ 7, 0nPaad + PucganT P . a-ll-ﬂj
The EXDIeRELONS Tor THE Lnirmientil redtal velocity, &%y | rotaticmal
velocity, 4 @y and axial velocity, dmg , are
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A, = Ad oD + (AU emg-Quyne) o v (A-19-a)
Naw, = (BU, wee- A, ong)uwny + AU, o (r-19-1) f
dpr, = Bu ong + LU g | © (A-19-¢) k

Substituting, equations (A-18) into (A-l9) yields v
Au = j[{rZL‘,m»m$¢(Ht.9)“vm$] Zm?&RI(“tuf)onvms iy
- mfco-;\MMSJ* 7 tan mqu»m{-mmmcp‘t«aqamvmﬁ}[a« /S-)]

+ {rZL-(wta,.’q;)mum $t e mv»«%]

E- +Z.DQMGI(HR. )Avm“mpmvtuslf r MQT‘-V\’QMDM § :
o | .
E: : | +7ARnglen’y sinv o S}-zm/:mp-r t.,m,«n]('-kfiw)m (A- 20_9
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. + 7 AR eng Fon S} on ﬂ--p‘ } 3 "aa :J
@ Q- 20mbiun wc'e | BT (- k% @4-20-¢) 11

dv 3
wiees AR = -Z(g“ e+2rliqudly 5’*)
these last three equations are still rigorously correct for graphical integra-
tion.

r 4
Considering the ultimate wake; Jg5 ° zz'= o; Z= RA”t-‘P; and Ps7,s RA |
The expressions for the velocity components become
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Integrating the three kinds of integrals appearing in the above equations yields ;: ‘
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where
P% : F.= F(hq,ﬁa..) = F(h,. ph)
b
3
E; E, - E(h,’plﬁ) = E(h-,ﬂ,“)
&
Fz and are the elliptic integrals of the first and second kinds respectively.
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E thie !.iduced velocity components at the point on the helix under consideration

in the ultimate wake may be expressed as
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which equals zero by inspection since
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do=C, S, = 2 Sa_ (-27) |
e (—E;)Sz - Sn
e S' O ‘.
=G5 = 7 (A-28)
o x ! A3s,- S, -
. (xz) ¢ ™ ;
Of the seven geometric parameters, A, B, C, A ’ l\g » K; and K, , three

have now been determined; i.e. A, C, and K>., In order to determine the others, it
1s necessary to make the assumption that va = d = O
N 34

(which is acceptable for helicopter rotors because ¢ 1is usually small) s since
it i1s required that Pgﬂ be independent of ¥ 1in order that the integration
over the arc may be performed. Then for the same intervals .f ® and ¥ as

before, the incremental irduced velocity equations became as rollows

aun,= %er[uvams +m;mu4~.$]-t r"“ft*,?“."»m 5}[‘“7‘-{] o

1’{7’2[&9 mDMS-m‘?“»ms]tr:uqt;mvwf}'Zohﬁu-t,
-l o »J[I— hza«‘{s]-" %‘g- (A- 29-a)
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-r’u?t.{pu-nmS}[Z“tﬁ‘{] *{7'2[“¢va-$ -Mk.f‘nvutS]

~r7 seglongom S-T:n¢tn’qmv?s c2amfiufl

+ r‘m’ftwmvj[t-h'm‘ﬂ" —!;“:- . - (A-29-9)

Apr =;§” {r;;[o«.? m»mifm’pw»mﬂ +r‘oc7tq‘¢m$}[2wap-l] .
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i , -T’mqj[l-hwﬂ] ~ “p7 (A-29-¢)
f The czlculated contribution of the '.Lifting line on the motion of the tip vortex
. : must now te included. The accuracy of the distribution of the circulation along 3
b o the blade sczn should not be too critical, so that in this instance, it will be
i'. f assumed to e triangular, i.e. X, T-XxX . Then in a similar manner as

- | before
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F J ) Performing the integrations yields the velocity component expression as follows
o w, = - q:rR -Z-], | (A-30-4)
L~
t{‘. |
2 ] .
b rw, = ~ .,,& Z I (A--ao-b)
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However, the s—oke studies show thet %
o AT e
W= 7= -gg[Be A (A,wnt-mnt)-rCA&e A,at} #-31-4) 1
w = w (4-31-b)
= (24w, )RK, Qt<ar (4-31-c)
= (@ +w.)RK, at >2w (4-2-d)
Now, since equations (A-31) include the effects associated with both the 11fting
. line and the tip vortex itself,
w= U, + U (A-32-4)
w= Jdw, +w, (A-32-b)

pr = Eopn (A-32-¢)

k Substituting equations (A-29), (A-30), and (A-31) into the preceeding expressionms,
. ylelds three equations in the four unknowns B, A, » A2 , and Ky,
L JE Rememberiag that

& -

[ t . KR _ s

f ‘Po- Y:', - 7 (+w) {A- 33)
{

yields the required fourth expression. Theoretically, these four expressions may
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be solved similtaneously for the four remaining geometric paramecers, but prac- 4
. tically it 1is quite impossible, at least by ordinary computation procedure, i.e. J
desk calculators. However, by making some additional assumptions, it is possible 4
to determine reasonably accurately, two of the remaining four parameters. /
Since the smoke studies indicate Qpat B 1is of the order of 5% and A. }
of the order of 1, the term Be-M8%nat may be neglected, certainly :
for At >3m/2 . Thus, it will be assumed that :
-l (¥+at) "
r = R[A + Ce A2t (A-34) |
]

- +0R1
K= -.QRC/‘;_e A;(\’ ) (A"&f)

It is obvious fram the radial velocity equation, that a radial velocity arises
at a point on the helix entirely according to the proximity of that point to the
end of the helix. It is also obvious that, in general, the further away the point
under consideration is from a particular vortex segment the less is the latter's
associated incremental velocity. Thus, 1f the point under consideration is taken f
to be about one rotor radius beneath the rotor, then any reason “le variation of ]
the position in space of the first coil under the rotor from its actual position
should cause small error in the calculation. From the smoke studies, it appears
that a reasonable approximation is to take

Belid B

K, = 1 K2 (A-3¢) }

Now it becomes feasible to determine the exponent Al by considering the
radial velocity equation at a point on the helix et a distance of approximately
one rotor radius below the rotor and an azimuth angle from the blade of some

multiple of &7 , the latter depending upon the value of K; , 50 that
3 Nt=2are
9
2N
: h is th t whol ver! tol (= =t )
where a4 is the nearest whole number to 27, F: .
g'f From equations (A-29-a) and (A-35)
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where the subscripts define the limits of integration as follows
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and vhere it must be remermbered that

n= R[A+ Ce‘"‘"‘]

Y= RIA + Cc""«‘z(?-u)]

'l'.‘..‘? = L;.f L %,_.8 ~Y(a=-1)>m>-Y4
| ¢
= —;‘:‘ O > n>-df(a-t)

f = (1-4_-)- ?’)T(;R 1> 4+ 330
= 2%x,8 <+ F>1

ana h, £, ,end B, are defined by equations (A-1k), (A-16) and (A-17 respec-
tively. This equation must now be solved by assuming various values of ); until
the left side of the equation equals the right side.

Once /\g has been determined, it is possible to obtain a similar solution
for K, . Again neglecting the Be-*W*8Y  term, and for QT=w |
equations (A-3l-c§ and A-29-c) yleld
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and from equation (A-29-b)
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vwhere the subscripts define the limits of integration as follows

L A . X X Y

-2 : ﬂzz-{-(v-f-)';) § 15' :%(7- s) ’ ‘
Iy
g
2 fa= L(r-%) 5 /{, = -2‘-(7- §-%) I j
b3
} i
|
't fuerd(m-5w) 5 A= 4(7-5) &
T
and where f "
- 4‘; i =
7'°= R[A+CC Ll ,& H
| g
2] x
P = R[4+C e a.“)] . 3
3
K, R
&"9.= _7!;- 2>m> -2 :
h‘?t = E;..E D@>m> 2 J
Z = %E-K‘R 2>m3>~-2
= Tk R + TR (F-7) ©>m>2

and kb , Pn,, , and P... are es vefore. Solving equation (A-38) by trial end
error yields the desired value of K. Thus it has been shown that by neglecting
the oMWY term, it 1s possible to evaluate the remaining geometric
parameters. low the equations will be developed for the inflow velocity associat-
ed with the tip vortex and the lifting line at any point in the fiow field.

Usiny the same coordinate system as before, it will be assumed that the A

axis, §’ axis and blade feathering exis (or lifting line) are coincident. Let
n be the radial distance from the helix axis; ¢ , the azimuth angle from

the X, axis; and @, , the axial distance from the AN plane of the
[ point under consideration. Then the coordinates of the point with respect to the
° XYe axes are
.
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X = rt-.zp + 7w (v-«) R-vo-a)

]
4‘ = -ZOAM?- r;m'm(”-&) (A"”'b)
2 = = Z,wxq t 7 4P et (V-a) (A-yo0-¢)
where
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r = R[A+Ce ‘”] (4-41)
Z, = KiRY - 2, O0<)y<am (A-qz-a)

= Z'TK,R-O- K,R(v-zr)-;. 2 <) € © (‘-qz-k)

As 'Qefore the coordinates of the circular arc segment of the helical vortex are

x' = r “z? we ¥ (,1-43-41.)
431 = .,.wz¢ PYoR <l-?3-b)
' = o | (#-43-¢)

Following the seme procedure as before yields the incremental inflow velocity

equations. F‘
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and the remaining teriis are as defined previously. It should be noted that in some
cases it 1s possible for & to be larger that By . In these cases, the
snalysis leading up to equation (A-1%) must be done over so that the condition

o =his] remains trve., The procedure is obvious and therefore will be omitted
here. Performing the integrations over the same intervals as before yields
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vwhere the subscripts define the limits of integration as follows g for V= "T’

o : pizi(r-5,-7) ; f= (%)
L B /gl =‘l':(r' SU') ; /3, = %‘(T- &-'Yl)
o fas t(m-s,,-1) ; A i(z- ;v,) ,
w2 factlm-g-m) ;g - d(m-5.-W) |
1
corcls, Thompsprimgan® | ~T5pnp-wrgom F |
Y, s ‘G..\tf-rm-,tf : ’ L2 T % t “ T
and P
e K,R
@ = TF

K, R
tae,
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Substituting ® =6 in the preceeding equations and for O0$ 7 SR ylelds
the inflow velocity components at the blade feathering axis.

With the same assumptions of the circulation distribution along the blade
feathering aris as before, the velocity calponents associated witn the lifting
line become

M X
u'_ et ‘l’ra EO IL

(4-49-9)
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The inflow velocity at any point is then

w Uy + U,

W= w, + W ;

M P M 3

Having determined the entire flow field associa’ i with the ¢ip vortex and
the 1ifting line, 1t is now possible to determine the rlow field associated with
the vortex sheet and hence the aerodynamic spanwise loading of the blade. The
method is, by necessity, a step by step process starting at the blade tip and work-
ing inboard. The sheet will then be approximated by M helical vortex filaments
of strength equal to one- M th the strength of the tip vortex and of appropriate
spacing along the blade feathering exis. Assuming that the velocity components
associated with a given helical vortex filament are negligible for points of equal
or greater radial distance from the wake axis allows the spanwise location of the
separation of the first vortex filament® inboard of the tip vortex to be calculeted
from the equation

M-I | X — M 3
(‘74’") Cx = .;;'é.e* (1+ @) [9 B aa;?:mg] (A-so)
f

where a is the local 1lift curve slope; £ , the local blade chord; Xz -f-
the non-dimensional blade station; and © , the local collective blede pitch a.ngle.

Since the entire flow field associated with the tip vortex end lifting line
has been determined, it is possible within the assumptiocns to calculate to a good
degree of accuracy the position in space of the helical vortex filement under con-
sideration. Then the associated velocity components of this helical vortex mey
be determined in a manner similar to that of the tip vortex. These results may be
added to the flow field of the tip vortex for the calculation of the spanwise po-
sition of separation of the second vortex from the tip. The foregoing method is
repeated until the blade root is reached, at which point, the remaining circulation
is essumed to separate,.

r,v
L I R )
T r 4 v
cota

.

b These calcwlations yleld the inflow velocitles along the blade span so that
t-_ rom the blade element theory, the spanwise aerodynamic loeding becomes,
e
A AT 2 2 S ]
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These calculations shculd be performed only at the points of separation, other-
wise an apprecieble error in local blade loadings will result.

The preceeding outlined analysis is quite long and laborious. By making a few
reasonable acsumptions, it is possible to eliminaste a great many of the calcula-
tions and still maintain acceptable accuracy in the results. In this case, it is
necessary to calculate only the axial velocity components at the blade feathering
axis and along a radius in the ultimate wake. (For norrilly loaded helicopter rotors
the rotational component is negligible) Assuming that the vortex filament shed at
a given blade radius maintains its relative position with respect to the wake bound-
ary makes the calculation of the radial velocity components unnecessary. In ad-
dition, neglecting the 1ifting line incremeant and essuming that the mass flow 1is
constant through an annulus at the tip path plane and an annulus at the same re-
lative radius in the wake ylelds a reasonable approximation to the actual position
in space of the particular vortex filament under consideration. Far example, these
assumptions give

2w, {;;_’— +;—:—5_[)..\(n+a f—e"“n)-;{-L(,-w'-f-e""”).,.‘."_zc_e-v\a”
_,Q.\ (_l+zf—)+f;)~‘(l+‘l§—)--‘}f—]} (4-52)

AT sy

vhere 7., 1s the blade station at which the vortex filament is shed and

Mong = My, +..,w:.m is the axial veloccity of the flow at the corresponding
point in the ultimate wake,

As before, the vortex sheet will be assumed to be appraximated by M vortex
filaments of strength ~..//'1 (except for the one shed at the blade root). Then
having calculated the axial velocity components associated with the tip vortex
elong the blade feathering axis and along a radius in the ultimate wake and having
neglected the rctational components, the point at which the first vortex filament
inboard of the tip is shed may be calculated from the zquation

(e, = fhifo - 2] (4- 1)

or for the general cacse (except for the root)

M- LA E'm | g
L), = 225 fon —gi b Bl 0
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Following the previous procedure for the velocity components associated
with a helical vortex ylelds the axigl component at the point ¥ on the blagde
feathering axis inboard of and associated with the mth vortex filament,

- 3
é%":' )-\3‘1‘ (%) [{Em(l-b%)';mq‘ we §  + X_‘:(H-ﬂ:u,.t_"'.ms.}(i!l;.—f:‘)

+{Z_ (+ f—)';mﬂm S, +)?_"(1+ f)‘“‘ '.t.'q..«. % }'ZIJ.
E2 (4§ I,

) A\3 _
+‘é (“é_-;) [{f, (1+% e-qu‘)- x [aup Tl rorpun T e 5...]

+ f:(, 4.5_8""":!4.)1“?-&‘1? e 5“} (2 I o= Ia.)
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-1+ 5 TR, - 1. j - A-59)
where X= {-’-
- Mo
A= SdA
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and the subscripts define the limits of integraticn as follows
s - . -
o 3 l‘z "%(T“ S Y‘) ) ﬂ,' z(r' So)

moi posk(m-5 ) 5 A (T 5-Y,)

For the ultimate weke the axial ccmponent at the radi=l station X inboard of and
associated with the mth vortex filament is
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where the limits of integration are O

[51 = 4(r- s, -%.) 5 ﬂ, = 4w - s,,-x,) ]

Now calculating equations {A-55), (A-56), and A-57) in turn yields the axial
component of the inflow vel.ocity along the blade feathering axis and hence the
O blade spanwise aerodynamic loading becomes

. (i: ) TIP<QRE A [e - QR' v (v +T£.'/"m)] (#-50)

This 1s, of course, the desired result of the analysis.

Calculations and Discussion

Since the calculations are very time consuning, it was not feasible to determine
the theoretical variations of all the various tip vortex geometric paramcters with
vortex strength coefficlent. However, in order to check the approach, the variastions
‘ of Az and Ka were determined. To make these ccmputations, 1t was necessary to deter-

. wine the radius of the vortex core, which is very difficult to do theoretically.
The smcke pictures showed, qualitatively, that the radius of the core increased with
vortex strength coefficient and with ezimuth position from the blade. It was found
that if the core radius at the blede tip was taken to be
L) . N
. (Al = 10 %y
and if the variation with azimuth positioa from the bLlade was taken tc be
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then the agreement of the theoretical values of 4‘; and Kg with experimental values
was very good. In addition, these values of vortex core radius compared in a
Qualitative manner with the experimentel evidence. The core diameter could not be
determined from the smoke p}sf%;es because it was not possible to distinguish the
rotational part of the vorte);/" rom the irrotational part.

The wake contraction exponent, /‘, , was determined from equation A-37 and is
plotted in figure 3. The ultimate wake helix pitch angle parameter, Kz , was A
determined from equations A-26, A-27, and A-28 and is plotted in figure 4. As can 1
be seen from these figures, the agreement between theoretical and experimental
values is quite good.

The method of computing K3 given in thils paper was compared with the numerical
integration method of reference 18 by comparing the values obtained from the calcu-
lations. It was found that the values were identical to three significant figures.
This shows that the replacement o a quadrant of the helix with a circular arc
ylelds a good approximation over the interval of integration. ]

The theoretical variation of vortex strength coefficient with thrust coeffi-
cient is given in figure 5. This curve was determined by calculating the strength
of the bound vortex at the 90 percent blade radius and then making the assumption
that this entire circulation was shed at the blade tip, thereby forming the tip
vortex.

It was stated in reference 18 that the blade collective pitch angles appeared
to be about one-half degree too large but that it was not possible to determine
the source of this error. Subsequent to the puolication of this reference, the
source of the error was found so that the axial induced velocity distribution and
aerodynamic loading along the blade feathering axis have been recalculated and are
presented in figures 6 and 7. Since the originel results were obtained by a
nunerical integration, this same method was used to recalculate the axial components
of iuaduced velocity. In this case, it was assumed that the strength of the blade
bound vortex varied in a linear manner from a maximum at the blade tip to zero at
the axis of rotation. The resulting vortex sheet was replaced by finite helical
vcrtex filaments starting at the 0.90 blade station and at intervals of 0.10 until
the blade root was reached at the 0.22 blade station at which' point the remaining
strength was shei. The motion of the vortex filament from the 0.90 tlade station
was determined approximately and its associated velocity field was determined non-
dimensionally by numerical integration. It was assumed that the remairing inboard
vortex filaments had the same relative motion and hence the same ncn-dimensional
velocity field as this filanent. The axial induced velocities could then be found
along the blede feathering axis by adding the contributions from the whole vortex
system. The axial induced velocities are plotted in figure 6 and cozpared with the

1 . values obtainea by the metrod of Goldstein and Lock and from simple mcmentum con-

® siderations. The aerodynaxzic loadings were calculated for the induced velocities of
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this paper and that of Goldstein and Lock and are presented in figure 7. As can be 4
seen, the method of this paper yields an integrated thrust which is very close to the
experimental value whereas the method of Goldstein and Lock is about ten percent low.

There are no experimental pressure distributions for a single-bladed rotor available
80 that a comparison of loadings is not possible.

The method presented in this paper was used to calculate the velocity associated
with the tip vortex at a point on the blade feathering axis and the result was ccm-
pared with the value cbtained by numerical integration. It was found, as was
expected, that the replacement of the helix with quadrants of a circle (except for s
the first segment starting from the blade tip which was replaced by a 45° arc) re- ]
sulted in an error of over ten percent. By replacing only the first segment with ]
10° arcs (except for the segment starting from the blade tip which was replaced by ]
a 5° arc) the error was reduced to a few percent. Further reduction in size of the
arcs will, ‘f course, decreesse the error. In all cases,i""/éﬁ JQ/JPO. A sample
calculatioi for small arcs showed this to result in negligible error.
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Part B. An Isolated Rotor in Forward Flight

Introduction

The forward flight case presents many more difficulties than did the hovering
flight case. In the latter, the flow field was steady with respect to the blade
whereas in forward flight, the flow varies periodically and the helix pitcn angle
varies quite radically with azimuth position, particularly for the higher advance
ratios. For these reasons, a theoretical solution similar to that in Part A does
not appear to be feesible. Therefore, the analysis of the blade spanwise aerody-
namic loading becomes, of necessity, a semi-empirical process in which the geometric
parameters must be determined from and the required simplifying assumptions based

on a series of smoke studies. These smoke studies and their results will be dis-
cussed in the following sections.

Description of Apparatus and Testing Procedures

The model rotor and thrust stand were the same as those used in reference 18.
The single, counter-balanced blade had the following characteristics.

Raditug -ecccccccccccnescccccccancncanananca 4 feet .
Chord ~cc-c-ccccacucacecamccncaccncccecccax 0.5 feet (Constant)
Airfoil section (no twist or taper) ------- NACA 0015

Rotor solidity ratio --=eee-ceccacaccccacaa- 0.0L0

Blade flapping moment of inertia ---c--e--- 0.67 slugs- ft2

The blade collective pitch angle could be pre-set manually at any desired angle be-
tween zero and fifteen degrees. The blade was allowed to flap ebout a zero offset
axis 1in order to eliminate the thrust moment about the hub. The blade tip shape
was obtained by rotating the airfoil section about the chord line. .

The model rotor and thrust stand were mounted on a bullt-up platform anchored
to the bed of a three-quarter ton pick-up truck as shown in figur2 8. This placed
the rotor disk plane about fifteen feet above the pavement and sbout ten feet above
the truck cab roof. The rotor was, in effect, mounted in an inverted position so
that the wake passed upward into an air space relatively undisturbed by the passage
of the various struts and braces.

Two remotely controlled gun cameras were mounted on outriggers as shown, one
at the side and one at the front. The cameras were so placed that their optical
axes were rormal to and intersected the no-feathering axis.(in this case, the shaft
axis) at the latter's tlade flapping axisintersection. Illumination was provided
for the side camera by a row of twenty-seven 100-watt alrcraft landing lamps mounted
in the longitudinal plane about seven feet bLelow and upproximately parallel to the
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rotor and so shielded as to produce an upwardly directed rectangular beam of light
four inches thick and twelve feet long. Thus the pictures taken from the side were
of a longitudinal cross-section of the wake. Illumination for the front camera was
provided by four RFL-2 reflector flood lamps and the froant pictures yielded an over-
all view of the flow field. A 1/2 - inch f 1.5 lens was installed in each camera.
This allowed the side camera to cover a field at the shaft axis of about eight by
eleven feet from a distance of fifteen feet and the front camera about seven by ]
nine feet from a distance of about twelve feet. Both camera speeds were set at e
64 - frames per second. .

Caalt

(I oy S W)

the vertical drive shaft housing and were photographed along with the smoke flow.
These indicators were merely a graduated face and a pointer driven by a selsyn
motor whose generator was geared to the drive shaft.

Blade azimuth position indicators were mounted in the camera field of view on 3

The space beneath the platform was divided into two compartments. The aft
compartment contained the oscillograph recorder, a four-channel carrier amplifier,
a band-pass filter, and various other electrical signal filters and junction boxes.

Installed in the forward compartment was a gasoline engine, two 2h-volt
200-ampere aircraft generators, four 6-volt storage batteries in series and parallel
to the load as line voltage stabilizers, a L0O-cycle inverter, and a fifty gallon
barrel of water for cooling the gasoline engine. The gear driven generator supplied
a constant 2L4-volt source for t.. inverter, the lighting system, some of the instru-
mentation components and the caweras. The output of the belt driven generator was
connected directly to the rotor drive motor. The output of this generator and hence
.. the rotor RPM was controlled by varying the voltage supplied to the generator's
TR field.

The method of producing smoke was both simple and effective. A reservoir for

the titanium tetrachloride was mounted on top of the rotor hub on the «xis of rota-
X tion. A short piece of plastic tubing conducted the liquid into a one-eighth inch
0.D. stainless steel tube buried in the wooden blade. This tube emptied into a )
reservoir stuffed with cotton and open to the air at the blade tip. Exposure of
the titanium tetrachloride to the air produced a thick white smoke which remained
within the core of the tip vortex and clearly showed its position in space. The
amount of liquid pumped to the blade tip could be adequately controlled after a
little experimentation by constricting the plastic tube.

— e

In addition to the recording on film of the position in space of the tip vortex
with the blade azimuth position, the steady state thrust component, the forward
speed, and the rotor RPM were recorded by an oscillograph recorder. The steady state
L thrust was measured by a strain-gage beam. The forward speed was determined by count-
- ing the recorded revolutions of an autosyn which was driven by a fifth wueel. The
RPM was determined in a similar munner frem rr autosyn geared to the rotor drive

5 shaft. An attempt was also made to measure the first and second harmonic thrust
t_ variations by including a properly tuned bend-pass filter in the strain gage circuit
. - but the variastions were of the same level as the thrust components of the truck
° bounce so that no reliable data could be obtsalned.
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The tests were conducted within a completely enclosed space thirty feet wide, ‘
twenty-six feet high at the eaves, and four-hundred and fifty feet long, of which ]
about two-hundred and seventy feet were available for the truck movements. The f
ninimum blade clearance cccurred at the tip of the advancing blade which passed i
within about six feet of the side of the building. This was a necessary compromise J
with the positioning on the opposite side of the truck of the side camera so that
its field of view would be great enough. . )

A typical test run began with the truck at one end of the building with the
rotor hovering. The truck was accelerated until a steady forward speed was reached
at which point the data was recorded. The truck, and then the rotor was stopped.

The necessary controls were so arranged that the testing could be accomplished by
one man.

Discussion and Results of the Smoke Studies

It should first, .erhaps, be pointed out that the flow visualization studies
to be discussed were instftuted primarily as exploratory research into the basic
problem of the variation of the inflow velocity at the blades of a helicopter rotor
in hovering and in forward flight. The main efforts were directed toward proving
the validity of the approach and the setting-up of a semi-empirical theory rather
than the development of charts and tables which could be used for design purposes.
The theory, having been carried as far as possible without the support of the ex-
perimental data, seemed to indicate that i1f the assumption were made that the
presence of the helical sheet of vorticity in the wake had no effect on the motion
of the helical vortex shed from the tip, then specifying the tip vortex strength
coefficient, the angle of attack of the tip path plane, and the advance ratio along
the flight path would specify all the geometric parameters required to give the
poslition of the vortex in space. However due to the fact that the project was com-
mitted to a very limited budget, it became necessary to design the test progrdm
around the available mguipment. For this reason the independent variables were
taken to be the blade collective pitch angle, the angle of attack of the axis of
no-feathering, and the advance ratio along the flight path, i.e. parallel to the
ground. The values chosen for these parameters were as follows.

Blade coilective pitch angle, €p --meceen- 8°, 9%, 10°
Shaft angle of attack, Xg-mmememmmaaaana- -0.5% -4.59; -8.5°
Advance ratio along flight path,/»(y ------ 0 to 0.15

The limitetion on the advance rallo was established by the truck performance in the
aveilable space and the Tact that slowing up the rotor so decreesed the strength of
the tip vortex that it became difficult to photograph the flow. Experimental thrust
coerficlents versus advance ratlo are given in figures 9, 10 and 11 for various
values of blade collective pitch angle and shaft angle of attsck.
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Typical side views of the tip vortex are shown in figure 12. As can be seen,
the motion of the vortex appears to be quite complex and the distortion which
occurs over the tralling half of the wake 1s very clear. There is no indication
from any of the pictures taken that this distortion ceases before the weke is "
dissipated. 1In effect, this means that the vortex motion is not steady with respect 3

to any system of axes as was to be expected. Fortunately, however, it is periodic :j
with respect to blade axes and can be approximated rather easily, as will be shown ‘
later.

A totally unexpected phenomenon was observed in the front views of the wake
for the shaft inclinations of -0.5° and -4.5°. This phenamenon occurred for the
former case, whenever the forward cpeed became large enough so that the leading
edge of the wake was swept back under the center of the rotor, and in addition for
the latter case whenever the combination of the blade coning and blade flapping
angles become great enough so that the blade axis in the forward position lay

parallel to the flight velocity vector. Then approximately J’ L. seconds efter the
vortex was shed from the tip of the blade as the blade passed through the forward
longitudinal plane, this section of the vortex would appear to be literally split
and thereafter to separate at the longitudinal plane. Succeeding frames would show
both ends of the divided vortex quickly disappearing to the sicdes and downstream.

It is known that the fluid in this region, in addition to its radial and axial
movement, has a tangential (o at this point, a lateral) velocity component away
from the longitudinal plane of the wake on both sides of this plane. Qualitatively
therefore, it can be seen that this would tend to separate the fluid elements et
this plane. A sequence of photographs retouched to make the phencmenon reproducible,
f# given in figure 13. The longitudinal point of separation in all cases observed
was very close to the center of the rotor. The phenomenon was not observed with the
shaft inclination set at -8.5°. It is presumed that the reason for this was that
the forward speeds attained during the tests were not sufficient to cause the ad-
vancing blade to flap to a high enough angle so that the blade feathering axis in
the forward position lay parallel to the flight path.

In the hovering flight case, it was only necessary to know the contraction of
the wake boundaries and the vertical displacement along the boundaries as a function
of the azimuth position from the blade in order to determine the position in epace
of the tip vortex. 1In the forward flight case, an additional parameter comes into
being. This is the displacement of the wake centerline in the downwind direction
and parallel to the tip path plane. To define these parameters, it would be best
to orient the coordinate system so that the XY plane coincides with the tip path
plane and the X axls intersects the blade feathering exlis at the blade tip, with the
positive Z direction belng opposite to the ccmporent of the rotor force perpendicular
to the tip path plane. Ilowever, for the seme reascas previcusly noted, it was
necesenry to orient the coordinate system so thet the 2 axls ley alcng the no-feather-
ing axis and the Y-axis coinclded with the blade ‘F‘ls'*w ing exis. No ettenpt was made
to correct the data to the tip path plene reference syveten becaouse the messurement
of the flaoping engle from the photographs was cct de iciently accurate and it was
- alco felt thiat the ecvallable flapping theory was net gecurate ensurh to warrant the
1 edditional labecr. This latter view 15 supported by the theoretical and experimental
o comparisons in references 6 and 19.
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The position of the tip vortex in space was determined from a frame-by-frame
study of the motion pictures. The side view study was relatively easy since the
piuotographs showed a longitudinal cross-section of the flow. The frout view, how-
ever, required extra care since the flow was moving away from the camera and hence
the measurements had to be corrected for this movement by correlation with the
longitudinal pictures. Only the longitudinal and lateral points of the vortex were
considered. Thus oy tracing out the movement of these segments of the tip vortex
during a number of revolutions of the blade, it was possible to determine the )
longitudinal and lateral wake boundaries. Then the problem arose as to the shape
of the wake boundary in the quadrants between these points. Further consideration
of the data showed that if the wake boundaries for the four positions were plotted
as a function of thelr individual azimuth positions from the blade, ther the four
points determined, within experimental error a circular cross-section of the weke.
It was therefore assumed that through each point on the wake centerline, it was
possible to pass a plane whose intersection with the wake boundary was & circle.
These circular cross-sections necessarily become tilted both laterally and longi-
tudinally with respect to the tip pach plane as they progress down the centerline
of the wake. This tilt back was predicted in reference 10 and,as pointed out in
that reference, will affect the theoretical calculation of the wake angle. A
typicael example of the longitudinal tilt of the planes of the circles is shown in
figure 1k. The intersections of these planes with the longitudinal plene are in-
dicated at intervals of 5%% seconds or 90° of blade rotation.

Further consideratica of the flow pictures brought out the possibility that
these circular cross-sections of the wake would be a convenient means of describing
the position in space of the wake boundary. Investigation of the data with this in
mind showed that a very real advantage would be obtained by such a representation
for then the radius of a point on the central curve of the tip vortex as measured
from the centerline of the wake‘pnd in the plane of these circles become a function
only of the azimuth position,“*’, of the point from the blade feathering axis and
hence independent of the azimuth position,?* » of the blade itself. Thus, as for
the hovering case but neglecting the heavily convergent term,

»= R[A+ ] (-1)

where A + C =1 and the experimentally measured values of A and Aaeue shown in
figures 15 and 16. As may be seen from these figures, 1t was not possible to
determine a variation in these two parameters with either collective pitch or shaft
inclination. It is belleved that over the normal range of blade collective pitch
angles and shaft incliration for low speed flight close to the horizontal, this
variation wculd be small aud hence the use of the average values .shown should intro-
duce negligibly small errors in the results.

Now it is necessary to deterrmine the locus of the centers of the circular
cross-section of the wake. It was observed that the lateral tilt seemed to occur
about the longitudinal diameter of the circle while the longitudinal tilt appeared
to occur aboui the tralling edge of the wake. Since there was no obscrvable lateral
movement of the weke, the lateral position of the centers posed no protlem as they
rerained in the longltudinal plane or the rotor. However, the downwind movement of
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the center in the longitudinal plane and parallel to the tip path plane appeared
to be made up of two components; one, a translation due to the component of ihie
flight velocity parallel to the tip path plane and the other, a ccmponent due to
the rotation of the centers about the trailing edge of the wake. The sum of these
two 1otions may be approximated by the expression

Eatac s oo o dbs Boasins

K‘Riﬁ':ﬂy)?‘b"'mcc + r-é[#r‘- AKaRz#"‘]i‘ (8-2)

where 8K 18 the difference between the £ motion parameter at the trailing edge and

that at the leading edge of the wake and & is the angle of attack of the tip path e
plane. Experimental values of the parameter l’x are plotted versus the advance ratio ‘
in figure 17 for ¥’>yr. Note that the contribution of the tilt-back of the circu- L
lar cross-sections accounts for about 10% of this parameter. E

The wake skew angle, x is given as a matter of interest in figure 18. Due to
the aforementioned motions of the tip vortex, it was necessary to reference this o
angle as lying in the longitudinal plane between the no-feathering axis and the :
extended trailing edge of the wake as shown. l

The parameters remaining to be determined are those describing the displacement 2
of the tip vortex normal to the tip path plane. Again it 1s necessary for the 1
reason as stated before to present instead, the experimentally determined parameters i
which describe the displacement parallel to the axis of no-feathering. Plotting g
this displacement versus the azimuth position for the four points about the periphery |
of the wake showed that there were three distinct sections of the tip vortex, in §
each of which the rate of change of the displacement parallel to the no-feathering 3
axie with respect to azimuth position was a constant. A typical plot is shown in d
figure 19. As may be seen, the B-coordinates of the tip vortex may be expressed i
very simply. For instance for /4V<O.O6 approximately

'
z'= -,u,,wiw o + K,R*' 0s ¥ <27 (B-3)

i
2= -,u,RV'o-.oc,+ank,+K,R(+'-Zr) 2w <¥<3r (3-4)

2= -/J'R)"'o.\ ag+27KR+ KR +K3’?(*"'3'9 3r<+’<o° (B-5) . ]

vhere the K's are now a function of the azimuth angle, Y » of the point on the helix
from the longitudinal plane. Fox}v>0.06 the limits of equations B-4 and B-5 change
and the expressions become

' / : / ) J
za.../l,qy{{'il'mcrs-.-ZT(,R+KzR<'?—E1) 2meY <y (B-6) '
il
' 1 ’ v ' ! i
- -1 -'-"}JVR'?&M“%*?”‘?;’(\*E” AQR+K3R(+-91) yr<¥ <o (B-7) s
Sy A
f The advance ratio at which the change occurs was not well defined so that/"yof .
v,. 0.06 was arbitrarily chosen as being about the midpoint of the scatter. The measured
t: 44
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values of K,, Kg , and ’(3 are given in figures 20, 21, and 22.

el ia

In order to describe these parameters mare simply over the quadrants between
the four measured points, it was dec’ded to consider the treiling two quadrants and :
the leading two quadrants separately und to assume a variation which would match at
the lateral positions. An expression was chosen which seemed to approximate the 1
variation but it was not possible to verify the expression from the experimental
measurements. Therefore it was assumed that for the trailing two quadrants of the !
wake
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4
'
‘S
* 4
d

ng'-"l’Km.*‘l(xn +l( +{-(l{ ‘- ”.)“1
+-L[K, -4(Ko ¢+ )]u-:. 2% (B-8)
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and for the leading two quadrants of the wake
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wherem = 1, 2, 3; the K's are read from figures 20, 21, and 22 as required; and the
angls ¥ , like » 1s measured in the direction of rotation of the blade and
ranges from C to 2% .

.

The only parameters which showed a detectable variation with blade collective
pitch angle and shaft angle of attack were the Ka, . This may be seen by comparing
figures 20, 21, and 22. In order to show this variation mare clearly, these
parameters are plotted agaln in figures 23 through 30 as a function of advance ratio
and blade collective pitch angle for constant shaft angle of attack. In general,
the effect of incressing blade collective pitch angle is to increase the magnitude
of K..‘ , while tilting the shaft axis in the direction of moétion decreases the

magnitude.

All of the recorded datn are given in Tables I and II. Table I presents the
data which were used o construct figures 9, 10, 11, and 15 through 30. Table II
presents the remaining unreduced and duplicate data.
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Semi-empirical Analysis for Inflow Velocities Associated with the Tip Vortex |

- O i
! Heving determined the position in space of the tip vortex, the calculation of !

! the flow field associated with this vortex becomes a feirly straightforward process.
® It is necessary, however, to make a simplifying assumption as to the distribution of
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vorticity in the rotor wake. It will be assumed that the strength of the tip vortex

is constant with azimuth position. This assumption also implies that there is no

azimuthal varietion in the strength of the vortex sheet which is shed inboard along

the blade. Then the expressions in article 149 of reference 17 may be used to calcu-

late the entire flow ield due to the tip vortex, these expressions are

y = "f{zﬁ“ﬁ-‘) :W(*a 40} 4F (8- 10-4)
oy = 71—7‘— J;—,-(x-x) (a a')}-i"‘ (3"“’"’)
Uy = %f{j%‘(*:-?') - ﬁr(""")} P’ @8-10-c)
Pl x-x)%4 (q-g')‘i- @-2)"+ € (B-n)

vhere (x, y, z) are the coordinates of the point under consideration; 1”(/ 3;‘)
define the position in space of pe central curve of the tip vortex, B s the
distance between (i, y, z) and ¥ (¥,9}3'); and X the strength of the tip vortex.
The coordinate system is given in figure 31 where it will be noticed that the tip
path plane 1s being used as the plane of reference in this analysis.

In order to simplify the analysis, the core of the vortex (1.e. that part
which rotates as a solid body) will be excluded from the analysis. Then for any
other point in sgace, the expression for the velocity components associated with
the tip vortex are readily determinable as will be shown below.

It will be more convenient to split each of equations B-10 into three intervals

of integration. For shortness of notation, let

IJ ! ' t’ i [
Jx = l(i-a)- ::%("3"‘3')}"1' (6-12-a)
J.v = {d»l (Z’ :‘) z,w (3"2 )}_, (B-l?‘b)
Ja = qs-y(*a )= f“(* *)}“" B8-12-¢)
Then . -2
g e'&,H'-}r,’-f:/J 3 o7 ] (8-13-4)
°
For My < 0.06
And w yr . ©
2 J
uy = i | G ¥+ 55 ) % d "t | %y At (8- 14-2)
o yr
For
* My > 0.06
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with similar expressions for u, and g . These equations must be evaluated by 1
graphical or numerical means. Hence the expressions we are interested in are the 3
following y 1
§r Ur _ ! .;
< T = o= V¥ <ar (8-15-9) y
) ;
= i, 27 <¥ <37 ; M, <0.06 (8-1-4) R
’ °]
2w <V <ir 5 My >0.06 (8-17-4) B
= J, ¢+'<co = ) a ]
- TN 3T j > My <006 (B-18-4) 3
fan o Y J rS - o
37 &% iz AU 3
vith again similar expressions for -5 ‘*? and = %.1.3 :
From the preceding section which describes the results of the smoke studies, 'f
we get the coordinates of the 9entra.l curve of the helix with 1espect to the blade a
axes. For the interval 0% ¥ <aw 4 §
! P 4 2 / 2,2 ,‘ q ! w:‘
x, =2 [urt LR Lty - MR 4] ey 1
! 2 220\ E
. +[/,R?me¢ +r-F(irLiRYYY ju'-f' (B-20) g
[} 2 .2 ,g 2 Ma a 'g -2 f . +,
. q'.-.-&-'-lr-l,RVm*-,’?"}'M'}"‘”‘

+ [/JVR‘)"lm« ¥ r—%(‘l?z—LfRz?")qm ¥ (B-21)

z'= - 4 R¥ et + K R (8-22)

where L, = Klo."kl,‘.).,- M,'-'K,”." Ku,,,-; Ku. is determined from equations B-8 and B-9
as appropriate, and vy a R[.‘H- Ce"‘a*j . Equations B-20, B-21 and B-22 may be
eesily differentiated with respect to ' (remembering that 9%?’:-1 ). For given
G sy, 5 €5 gnd ¥, (or for this paper € , My , &5, and ¥ ) the quantities
X, ‘3" s &, ;ﬁ.;,', ,«3':"2!? ,eaig!, o5 (y-2h), and(2-z,) may be calculated, hence
the @, , Jy, , and %, for a sulficient number of pcints ¥ within the intervel to
allow the curves to be plq}:tcd. The areas under these curves multiplied by the
graphs' scale factor and 7y are the inflow velocities at the point x, y, z
associated with the first turn of the tip vortex.

£~ . For ths interval

! I} . .
. aT <V <37 ; M, <006 5 and 2w <V <4T 5 Hy >0.06
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ey + {,u,R‘i"mcc rr-ifent ‘hr'l,'R'-l:(f-zr)']*} we ¥ (B-23) q
4 i
S (L e RIRURSy [ PN R P R D i

/

#{ﬂ,?‘?mx rr-Lfyrt W’l,'k'.[:(fiz;r)zpﬂ*}w ¥ (8-24) ]
8- ! ’ -;
22 MRV + 27K R + Ky R(#+52m) (B-25) y
vhere L‘=K1‘0-K:lc°0 ;Msz,,o"szo and the remaining terms and the contribution 1
associated with this segment of the vortex is as calculated before. '
For the interval 37 <+l< ® ; My<0.06 ;3
Xy= -é-{tlrz-i.u 2L et} 4Lt 30"] Rin'y . *
i ‘ :1
—I*Jv‘ﬂ,‘+ M, M (P 317):]R'4-‘7‘} we ¥ ]
+ { ARV e 1 r-$fort ol R 7 RE L,‘R‘(f'-sz)‘]*}m ¥ (8-2¢) ]

B e L NING e
-[ar* M 7r‘/‘7:+ M3 R e 2F } any
+{/1,R+'mec + r-dirteri Rl R LR ] *}on)" (8-27)

[}

2, = ~ ity Ribernec 4 27 K R+7Kz R H(,,R()"'-avr) (B-28)
b ,
“d.' For MV> 0.06, the interval becames W7« ‘}L<co and
re
 eeedeleet
E - [U?r‘(M,lff'i;) +M_,2(1—'-wr)ﬂi?lm"+ } o +’

- 4

o + {/uy.’w'm o« + - %[urz- YR ML) - L R wj‘]‘}m ¥ (6-29)
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+ {/u’m}"cnof +r- %[‘lr'—uw‘ﬁ‘(l.,'d.f‘)-L ,‘R‘(f'-'ltj‘ﬁ}w y (8-30)

2) =<4 RV arn +zvk(i(,,+Kz‘,)+l(3,R-(+'-47r) (8-31)

where L33 KJO.’KJ,”o H H.a’ Kv“,-k’;”.. and the remaining terms and the contribution
assoclated with this remaining portion of the vortex is as calculated before.

The velocity components thus determined are parallel to the XYZ axes. It is
usually more convenient to express these camponents as radial, tangential, and
axial velocities, thus

Upe= Uyr D ¢ Ug A0 0 (8-32) i
3
P =, b 4 l* {4
hr:-uxm»+q‘v -(x *7)'“’1 (3-33) 1y
3
My = Ua (B"3")

R 2%

For the blade f.athering exis, <X R fror 0eX¢10 wz0  2#(-DRemfs | ang
the X', y', and 2’ equations are as before. Since V=0 3 Upstly ; Uy= X Ruwy;
Wy 2 (3 ; and the calculation of the flow field associated with the tip vortex
becomes a stralghtforward, though leboricus process. It is somewhat more convenient
to make the J's non-dimensional by multiplying both sides of‘ the equations B-10 by
R. Thus the graphical integrations will yleld * Ur , -‘:a'f{‘?_ Ay, and 4R o ‘
The reason for this will become evident in the succeeding section. Fe i

[ PN PR ST ey

The preceding equations hold equally well for hovering flight as for forward
flight.

Approximate Analysis for Contributions Associated with the Vortex Sheet ¢ 1
1

The motion of the vortex sheet is not known as thls aspect cof the flow was not !
investigated. However, since the experimzsntel results alreedy include the effects 2 3

of the prescnce of the vortex sheet on the motion of the tip vortex, it is now |
possible to determine the effect on the vortex sheet that is associated with the tip 2
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vortex and the sheet itself. In this instence, the hovering flight assumpt ion that
the position of the outer vortex filaments are independent of the positions of those
vortex filaments lying inboard of them but not vice versa is not valid. It is quite
apparent that due to the asymmetry of the distribution of vorticity in the wake such
an assurotior would not be reasonsble. It is still possible, however, to calculate
the circulation distribution and hence the entire flow field by working inboard
along the span in a station-by-station process, and adjusting the outboard stations
with eech step inboard. About the only reasonable assumption would be to take the
stations close enough together so that the strength of the vortex filament shed
between stations would be small enough so that the self-associated motion could be
neglected. Such an approach should yield reasonably accurate serodynamic loadings
but to ettempt to mske these calculations without the aid of an electronic computer
would be extremely arducus and time consuming.

Qualitatively, it is bellieved that the sheet shed over the trailing half of the
disk, for the most part, moves rapidly down the wake somevwhat in the same manner as
in the hovering flight case. However, in certain regions of the leading half and
trailing half of the disk, it is believed that the sheet moves upward initially and
then coming into the flow field associated with the trailing half, passes through
the rotor disk plane and then also moves rapidly down the wake. If this flow picture
is true, then even an empirical approach to determining the sheet's position will
become @ffficult. In addition, it would seem that a further consequence of this
type flow picture would be that in certain areas of the disk, the inplane induced
velocities normal to the blade feathering axis would become extremely importaut.

For instance, the measured aerodynemic loadings of references 4 and 6 give no indi-
cation of a reversed flow region on the retreating blade. An inplane induced
velocity could, among other things, explain the fallure of this region to be in
evidence.

In view of the preceding short discussion, it is rather obvious that to take
the vortzx sheet into account in a reasonably accurate manner would present many
difficulties and in the end, might not be worth the effort. To include its asso--
clated elfccts in an easy to hendle, approximate manner, however, might be well
worthwhile. One fairly simple wvay would be to consider the sheet to be replaced by
a series of concentric cylinders of uniform vorticity end to use the method of
reference 11. A second way would be to assume that the blade circulation distribu-
tioa inboard ¢f the maximum point is triangwlar in foim, falling to zero at the
blade rost. Then assuming that esch vortex filament shed from a blade station
maintains the same relative position with respect .o that station as the tip vortex
does witk the blade tip, we mey use the equations developed for the tip vortex,
properly interpreted, to determine the flow field associated with each filament.

It is this latter approech that will be dealt with in the following paragrephs. It
should te noted that neither of these approximations hesr much resemblance with the
physical picture, though it 1s felt that the latter is considerably closer than the
former. ’

Usinpg this latter assumpticn, once the integrals '-'35;3 r, ig-z/'? , and %—"gt“’r
have beea evaluated and plotted over the entire flow field of the tip vortex, these
nunterical solutions may be relsted to each vortex filument in the following manner.
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Consider a point ( % ,-Z-,%) in the flow field. Then the contribution associated 71
with the tip vortex may be read directly from the graph or chart. For instance 4
let 1
AL - ]
=< 4r= 3  §

yxe . ' :
“ ”T B Sz =20

[ 4
HaR ;~ .
X MT = S, 53 ¥
I j
For each vortex filament shed at blade statlon X » the contributions ere read at ‘ &
the point (& ’E §‘“‘ ) on the same graph but with the opposite sign. For i1
instance let 4 4
o
3 N& . = 5:,.. ?
NTRI.N ]

where -3,,—"‘ is the strength of the filanent, assuming that the sheet is approximated
by N vortex filaments. The velocity components at the point (x, y, 2) for the
assumed verticity distribution a.re then

£ Si
«n'a[s *T 2 g,] (8-35)
.L' 2
PraE 91"{2 [Sa'} v '-f'—' (8-3‘) i
”
por =St 2 _s_:] ~ (B-37)
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There still remains tle problem of determining the strength of the tip vortex.
In the general cese, the determinatisn becomes a trial and error process in that it
will usually be necessary to assume a yalue of )X in order to determine the parameters
and then to compute )X as a check on this assumed valu:, ultimately by the equation.

¥, =1« nl{[:?(ui“-’-) +}am+]ac, (8-38)

Where X is the maximum value over the blade span if this meximum occurs close to
the blade tip. Actually the value of Xy, will vary with azimuth position but such

a varlation is outside the scecpe of this paper. A good epproximation, et least for

low values of the advance ratio, would be to determine the steady thrust coefficient

and then to read the value of the vortex strength coefficient from figure s,

Remembering that these Cy,: contain the hovering flight parameter A

et ? u st trioese et * s

Nocw it is possible to determine the blade spanwise eerodynamic loading by means
of the blade element theory. Thus
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where the inplane component of induced velocity.wg; + has been included for the

reason mentioned before, and .ctu.{é-ﬂ-i-na!ﬁ(“f;’)*ﬂ&ﬂ} below the stall and @ for | j
belov the stall and <, , above the stall must be determined from wind tunnel data ]
at the proper Reynold's Number. . A4
'

i 4

Sample Calculation and Discussion ‘ 4 .i
if A

In order to illustrate the results which may be obtained from this semi- 13
empirical approach, the blade spanwise aerodynamic loadings were calculated for the % ‘
test rotor with the blade in the upwind and downwind positions. The test conditicns '?{ 3
were as follows: 8 = 10%; Uy = 0.05; Kg = -4.5%; the measured wake angle was 45°; 1.1
% - <

and the measured steady component of the thrmet coefficient was 0.00378. Th
variou par eters were measured from the pictures of the flow and the x » % ') ’
T Y 2/i#!, and Js were calculated in the indicated stralghtforward manner.
However. only the normal component of induced velocity was calculated at the blade
featheri1ag axis position across the longitudinal diameter of the tip path plane by
means of equation B-10-c. The tip vortex strength coefficieﬂas determined from
figure 5 as 0.00600 50 that the non-dimensionalizing factor %3~ was 2.00. A

p - typical evaluation of the integral for the non-dimensional normal component of in-

: duced velocity 1s given in figure 32 fcr the center of the disk with the rotor blade
3 in both the upwind and downwind positio’ns. For the upwind position the area under
. the curve (including an estimate for ¥'> 1800°) gave en induced velocity at the

‘ center of 6.98 ft/sec; in the downwind positicn, 7.76 ft/sec, thus showing the
pericdicity of the flow. (Glauert's velue of the induced velocity for this condition
is 6.95 ft/sec.) This figure also chows very clearly the contributions to the in-
duced velocity assoclated with each segrent of the tip vortex. The peaks result
from the rotor moving forward over the segment of the tip vortex shed over the up-
wind quadrant of the disk. As the directly upwind segment passes uider the center,
its contribution of course beccmes negative.
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Figures 33 and 34 give respectively, the non-dimensional normsl ccuponent of g
induced velocity across the longitudinel dismeter of the tip path plane when the 1
single blade 1s in the downwind position and in the upwind position. A comparison
is also made with the calculated resvlts of reference 10,

‘-

A

A

L

>
)

Flgure 35 shows the ncn-dimenslional normal component of induced velocity at the
blade feathering axis in both the upwind and downwind positions taking into acccunt
the contribution associated with the vortex sheet as well as the tip vortex. It
will be remembered that the assumption was rade that the motion of the vortex fila-
ments with respect to the point at which they were shed was identical, relstively,
to tke motion of the tip vertex with respect to the blade tip. It 1is obvious fram
X the celculeted results that this, as was noted before, was a poor assumption when -
= vieved from the plysical viewpoint, for no allowance was made for negative velocitles
Y’ over the inboerd portions of the blade or for the higher posiiive velocities over
o the citer portions. About the best that can be said at this point is that this
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method of taking the vortex sheet into account is better than rone at all.

Figures 36 and 37 show respectively, the calculated blade spanwise aerodynamic
loadings of a single blade in the downwind and upwind positions using three different
induced velocity distributions. In order to make these calculations, it is necessary
to take into account the lateral blade flepping. Since it was not possible to
measure any flapping components, nor to predict a sufficiently accurate value. it
#as decided to calculate the lateral flapping angle which would make the first
harmonic thrust moment about the flapping axis zero. It was found that a flapping
angle of about one-eighth of a degree would fulfill this requirement.
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Since there are no measured pressure distributions for a single-bladed rotor
avalilable at these low advance ratios, it is not possible to evaluate the accuracy
of the calculated distributions. It will be noted that the three distributions
campare in a general way over the upwind blade, but that there is a vast difference
over the span of the downwind blade. However, integrating these curves to find the
blade thrust shows that the method of this paper, i.e. taking into account both tip
vortex and vortex sheet, yields answers that are remarkably close to the measured
steady component in both positions while yielding distributions in loading that
are aprreciably different from each other. The meacsured steady component of the
thrust for this case was 12.1 pounds whereas integration of the downwind calculated
loading gives 12.38 pounds and integration of the upwind loading, 11.74 pounds. It -
would seem that this agreement gives an indication of the validity of the present
epproach. A more exact determination of the error involved would require pressure
distribution measurements over this range of advance ratios.
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There are several approxirations which mgy affect the accuracy of the analysis.

One of these is the assumption that the strength of the tip vortex is constant with
respect to azimuth position in forward flight when it is obvious from the calculated
loadings that it is not. This simplification was made in order to limit the scope
of the investigation. For example, if the tip vortex 1s assumed to vary in strength,
then the associated radial vortex filements should also be taken into account.
Neglecting one and not the other might yield results of ccmparable error with that
obtained by taeking the vortex strength to be constant. A further reason for
‘ neglecting this variation at this time was that nothing 1s known about the rotation
[ of the vortex s stem about the exis of the waeke. Thus a vortex segment of strength

X ¥ shed at ¥ = 0° could scmetime later have rotated to a position £ ¥ . To have

i determined this rotation would be an investigation in itself., Finally, 1f the tip

_" vortex strength is taken as constent, then the increments in velocity at a point 3
k- that ere associated with certain segments of the tip vortex will be too smeldi while
o those increments assoclated with other seguents will be too large and there will be '
"‘ a tendency for the errors to cancel each other. -t
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Another epproximation which was mede was the use of an aversge velue for the
radius of the core of the tip vortex. This velue was taken to be about one and one-
half percent of the rotor radius. The c—oke studies indicated that the redius of
the core increascd with distance down the wake, but again this area of the investiga- §
tions wes by-passed. However, it is cof sufficlent importsnce to werrant further ’
investigaticns, beceuse an error in the radius of the vortex core can lead to appre-
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clable errors in the calculated velocity components near the vortex. This is par-
ticularly important near the blade tip.

The approximate manner in which the vortex sheet was considered also introduces
an appreciable error in the values of induced velocity particularly near the center
of the rotor. However, since very little thrust is produced over the inboard portion
of the b_ade, this should have little effect on the outer loading or the integrated
loading.

Concluding Remarks

A new approach to the problem of the determination cf the induced velocities
about an isolated rotor in hovering and in forward flight has been investigated. It
has been shown that a smoke study of the vortex pattern in the rotor wake can very
clearly indicate the complexity of the flow and that from such studies, it is
possible to determine the position in space of the tip vortex. Knowing this position
and by taking into account the approximate strength and gecmetry of the vortex
sheet shed from the inboard portion of the blade, it is then possible to calculate
the blade spanwise aerodynamic loading. The integrated value of this loeding curve
compared very closely with the steady thrust component. It was concluded that the
evaluation of the accuracy of the method must aswait comparisons with experimental
pressure distributions or velocity measurements.

An unexpected forward flight phenomenon was observed at the higher speeds.
This phenomenon, as interpreted from the smoke pictures, appeared to involve either
a continuous annihilation of the tip vortex filament located at the front of the
wake and a turn or two below the disk or a splitting of this filament at the
longitudinal plane.
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TABLE II. £ f
24
UNREDUCED AND DUPLICATE DATA
ry
- Record Run s
Date | Number | Number e eo GCS 0 U My U 3
2/1/56 | 03292a 1A-0 ]| 0,00255 } 10°| 0,0° | 40.7 | 00,00 | 0.0000 | 10.9 3
03292b -1 41,0 | 5.,20 | 0,0317 | =--- 5
03292¢ -2 44,1 | 10,38 | 0,0588 | =-- 4
03292d -3 39,4 | 14,43 | 0,0916 | --- :
03293 -4 43.8 | 15,92 | 0,0908 | =--
03294 -5 41,8 | 2,62 | 0,0161 | === %
03296 -6 44,1 | 16,50 | 0,0936 | =-- ‘
03298 -7 43,3 | 5,76 | 0,0333 | ===
2/1/56 | 03301 IIA-0 | 0,00255 9° | 0.,0° | 46.3 | 00,00 | 0,0000 | 11.9
03302 -1 43,5 | 3,46 | 0,0199 | ---
03304 =2 43.3 | 4.53 | 0,0262 | ---
03306 -3 42,2 | 9.35 | 0,0664 | ===
03309 -4 45,8 | 12,70 | 0,0692 | =---
03311 -5 48.4 | 15.88 | 0,0821 | ~--
2/1/56 | 03316 | IIIA-O0 | 0.00255 8°| 0.0° | 43,0 | 00,00 | 0,0000 | 9.4 §
‘ 03318 -1 44,1 | 2,89 | 0,0164 | ~--
03320 -2 42,2 | 6,08 | 0,0301 | ===
03322 -3 43,1 | 8,38 | 0,0485 | =-- r
03324 -4 44,0 | 14,94 | 0,0849 | ===
03326 -5 : 48,2 | 15,77 | 0,0818 | ===
3/5/56 | 03453 1c-0 | 0.00242 8°| -4.6° | 37,4 | 00,00 | 0,0000 | 6.9
03455 -1 34.9 | 7439 | 0,0530 | 7.2
i 03457 -2 34,6 | 4,35 | 0,0314 | 6.5
. 03458 -3 35.2 | 16,18 | 0.1160 | 8,0
L+ 03462 -4 34,4 | 2.63 | 0,0191 | 6.1
A 03461 -5 16,2 | 18,32 | 0,282 1.2
=
' o 3/5/56 | 03465 11¢-0 | 0,00242 6°| -4,5° | 36,3 | 00,00 | 0,0000 | 7.7 i
; 03466 -1 34,1 | 2,82 | 0.0206 | 7.1 J
- 03468 =2 33,7 | 4.63 | 0.0344 | 7.3 ?
. 03470 -3 35.4 | 14,75 | 0,1042 | 8.8 .
o i f
[ 3/5/66 | 03272 | 111Cc-0 | 0.00242 10° | -4,5° | 39,0 | 00,00 | 0,C000 | 10.2 il
K 03174 -1 37,7 | 4.95 | 0,0328 | 10.4 b
- 03478 -3 36.2 | 16,45 | 0,1138 | 11,0
-
[- 3/6/56 | 03487a ID-0 | 0,00245 | 10°| -4,5° | 45,0 | 00.00 | 0.0000 | 13.8 :
) C3487b -1 45,2 | 4.38 | 0.0242 | 14.2
° 03487¢ -2 43,2 | 3,60 { 0,0208 | 13,0
03488 -3 46,0 | 14,17 | 0,0770 | 16.5 ;
03490 -4 45,0 | 9.44 | 0.0525 | 15.2 P
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TABLE II.
(Continued. )
Dat Reccrd Run e oC Pe) v ¢
e Number | Number P (. s /‘Ay
3/6/56 | 03491 1I1D0-0 | 0,00245 9° |-4.5° | 42,35 | 00.00 | 0.0000 | 10.6
03493 -1 42,6 | 5.40 | 0,0316 | 11.2
03495 -2 42,4 | 15.18 | 0,0895 | 12,5
03497 -3 41,5 | 3,42 | 0.0208 | 10,6
03499 -4 43,0 | 8.20 | 0,0476 | 11.9
3/6/56 | 03501 | 1IID-0 | 0,00245 8° |-4.5° | 41.1 | 00,00 | 0,0000 | 8,8
03503 -1 40,5 | 3.23 | 0.0199 | 9.0
03504 -2 40,5 | 6.46 | 0,0399 | 9.4
03506 -3 41,2 | 12,03 | 0,0730 | 10:2
02508 -4 41,9 | 16,80 | 0.1004 | 10.9
3/8/56 | 03530 1E-0 | 0,00245 8° |-4.5°| 44,1 | 00,00 | 0.0000 | 10,6
03532 -1 39.6 | 3.82 | 0.0241 | 8,7
03534 -2 42,3 | 5.54 | 0.0328 | 10,0
03536 -3 42,0 | 11.60 } 0,069 | 11,0
03538 -4 42,6 | 15,20 | 0.0891.{ 11,1
3/8/56 | 03540 11E~-0 | 0,00245 9° {-4.5° | 41,4 | 00,00 | 0.0000 | 10,2
03542 -1 41,1 | 4.61 | 0,0280 | 10.6
7544 -2 41,0 | 6.77 | 0,0413 | 10.7
03546 -3 41,6 | 14,20 | 0,0852 | 11,7
03548 -4 42,0 | 17,28 | 0,1029 | 12,4
3/8/56 | 03550 | 11IE-0 | 0,00245 | 10° |-4.5° | 40,3 | 00,00 | 0.0000 | 11,0
03552 -1 40,2 | 3.20 | 0,0199 | 10,8
03554 -2 40,3 | 7.29 | 0,0452 | 11,3
03556 -3 40,7 | 12,92 | 0,0794 | 12,2
03558 -4 42,2 | 17.92 | 0,1062 | 13,6
03567 -5 41,6 | 7.68 | 0.0463 | 11.8
3/9/56 | --- IF-0 | 0,00246 | 11.69-4.5° { 24,3 | 00.00 | 0,0000 | 9.3
o -1 52.9 4013 000314 9.0
== -2 35.5 | 6.35 | 0,0447 | 10,4
—— -3 35.6 | 12.43 | 0,0873 | 10.8
— -4 35.3 | 15.20 | 0.1076 | 9.9
3/9/56 | ~-- 1171 | 0.00246 | 10° }4.5° | %6,8 | 4.1 |o0.0279 | 9.0
- -2 37.5 | 2.34 | 0.0156 | 9.0
e=n -3 39.0 | 12,39 }0,0790 } 11,1
== -4 39,5 | 16,98 | 0.1074 | 11.6
3/9/56 | --- IIIF-1 | 0,00246 9° |4.5% | 44,4 | 3.88 | 0.0218 {10.0
== -2 4i.4 | 7.82 |0.0472 |10.3
. -3 22,8 | 13,95 | 0,0815 | 10,8
— =4 40,0 | 17,98 | 0.1124 | 10,3
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(Continued. )
Record Run
Date Number | Number e eo s | Q v /uy T
3/9/56 | --- IvF-1 | 0,00246 8° ] -4.5° | 43.1 | 3.66 | 0.0212 | &.8
—— =2 43,5 | 9.46 | 0,0545 | 9.8
= -3 41,0 | 13.03 | 0,0795 | 9.5
3/10/56 | --- 16-1 | 0.00240 8°| ~4.5° | 44,5 | 8.13 | 0.0456 | ---
——- "2 42.8 3.12 000182 O
O -3 41.4 6005 0.0366 kbl
—- -4 41.1 | 12,77 | 0,0776 | —
— -5 42,3 | 17.53 | 0.1037 | -~
3/10/56 --- 1IG-1 | 0.00240 9° ) -4,5° | 40,7 | s.24 | 0,016 | ---
e -2 40,7 | 5.99 | 0,0368 | ---
-es o °3 3404 9.54 0.0693 ()
J— -4 41.3 | 12,61 | 0,0763 | ---
P -5 38,3 | 17.42 | 0,1137 | ~--
3/10/56 | =-- 111G-1 | 0.00240 | 10°] -4,5° | 39,9 { 4.29 | 0.0269 | ---
--- -2 40,5 | 5.60 | 0,0346 | ---
- -3 41,1 | 9.68 | 0,0589 | ---
——- -4 38,8 | 17,95 | 0,1167 | ===
-—- -5 40,9 { 13.52 | 0,0826 | ---
4/2/56 | 03919 11-0 | 0.,00244 | 16°}§ -4,5° | 39,9 | 00,00 | 0,0000 | ---
03920 -1 43,0 | 3.36 ! 0,0195 | ---
03923 -2 38.6 | 4,97 | 0.0322 | ---
03925 -3 39,8 | 9.12 | 0,0573 | ---
03927 -4 38,7 | 15.61 | 0,1008 | ---
03929 -5 40,5 | 6.81 | 0,0420 | ---
03931 -6 39,8 | 3.46 | 0,0217 | ===
4/2/56 | 03933 11I-1 | 0,00244 9% -4.5° | 35.8 | 15,00 | 0.1048 | ---
03935 -2 38,6 | 2,92 | 0,0189 | ---
03937 -3 39,1 | 4.62 | 0,9296 | ---
03939 -4 29.4 | 7.48 | 0,0475 | ---
4/2/56 | 03941 (I1I-1 | 0.00244 8%{ -4.5° | 38.2 | 16.00 | 0,1047 | ---
03944 ~2 36.6 85 | 0,0242 | ---
03947 -3 37.1 | 4,73 | 0.0319 | ---
03949 -4 37.2 | B.34 | 0,0560 | --=~
03951 -5 36,9 | 6.73 | C,0465 | ---
4/3/56 | 03567 1J-0 | 0,00242 87§ -4,5° | 41.5 | 00.00 | 0,0000 | ---
03376 -1 39,8 | 2.65 | 0.01066 | ---
03978 -2 38.7 | 4.31 | 0,0278 | ---
03980 -3 41,4 | 8,80 | 0,0532 | ---
03982 -4 38,6 | 12.52 | 0,0810 | ---
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TABLE 11. i
(Continued.) ; {
Record Run p 1
Onte Nunber | Number P eo °Cs 0 v /u 14 & !,
|
4/3/56 | 03984 11J-1 | 0,00242 9%} -4,5° | 40.6 | 3.32 | 0,0204 | -~ 11 g
03986 -2 41,1 | 5.32 | 0.,9324 | =-- 3 %
03988 -3 40,8 | 7.61 | 0,0466 | --- . {
03990 -4 41.7 | 14,72 | 0,0881 | w-- K 7
a H
4/3/56 | 03992 I11J-1 | 0.00242 | 10°| -4.5° | 35,7 | 3.04 ) 0.0213 | === 3 H
03995 -2 37.8 | 6.22 | 0,0411 | -=- ; I
03996 -3a 38,0 | 10,27 | 0,0676 | =-- ; y
03997 -3b +4,5° | 36.4 | ¢3.81 | 0,0262 | ~-= | b
03999 -4 -4.5%° | 39.4 | 16,93 | 0,1074 | —— F I
y ]
4/3/56 | -~- IvJ-1 | 0,00242 | 10°| -4.5° | -- = — - ;3 1
i -2 e i e o !
04009 -3 40,3 | 6.42 | 0,0398 | --- 1 ]
] A
4/4/56 | 04025 IK-0 | 0,00236 | 10°| -4.5° | 42.4 | 00.00 | 0,0000 | === _ i
04027 -1 14,3 | 19.61 | 0,343 1.7 1 1
- 04028 -2 23,0 | 19,52 | 0,212 | 4.7 ; ~
.. 04030 -3 28,1 | 20,87 | 0,1858 | 6.9 ]
5 04032 -4 34,2 | 18,24 | 0,1333 | 10.3 1
3 04034 -5 32,4 | 3.09| 0.0239 | 7.3 j g
(¢ 04035 -6 36,5 | 11,45 | 0,0785 | 9,0 ]
3 04037 -7 +4,5° | 35.4 | 6.08| 0.0430 | 8.0 j i
i 4/4/56 | 04039 I1Kk-1 | 0,00236 9°| -4,5° | 34,4 | 7.311| 0.0532 7.3 : 5
04041 -2 | +4,50 | 37.4 | 5.435 | 0,063 | 8.9 3
04043 -3 -4.5 | 18,0 | 22,25 | 0.309 2,6 ] 3
® 04045 -4 24.4 | 20,50 | 0.210 4.4 ]
: a/s/56 | === 1IIK-1 | 0,00236 8°| ~4.5° | 35.3 | 8,68 | 0.0615 | 7.4
£ - -2 +4,6° | 51,2 | 6.21| 0.0096 | 7.2 !
04051 -3 -4,5% | 18,2 | 21,10 | 04290 ——— :
[ 04054 -4 27.3 | 20,74 | 0,1900 | 4.0
. 04057 -5 34.8 | 2.86 | 0.0205 | 6.0
- 04059 -6 3644 | 21,2 | 0.1456 845
k- 4/6/56 | 04161 IM-0 | 0,00240 10°] -8,5° | 36.8 | 00,00 | 0,0000 9,1
b 24164 -1 36,3 | 3.63 | 0.0250 | 9.2
} 04166 -2 35.8 | 8,71} 0,0610 | 9.8
® 04168 -3 22,8 | --- ———- 3.5
| 04170 -4 2745 | =—= —— 5.3
; 4/6/56 | 04172 1M1 | 0,00240 9°1 .5,5° | 34,01 2.701 0.0199 | s.s8
04175 -2 34,7 | 7,131 0.0514 | 7.5
04177 -3 39,5 § 19,4 | 0.126 9.9
" 04179 -4 22,2 | 20,8 | 0,244 2,8
& 04162 -5 28,9 { 19.62 | 0,1700 | 5.0
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TABLE IT.
(Continued. )
Tat Record Run e oC o) v T
e Number | Number e o S /uV

4/6/56 | 04184 | ITIM-1 ]| 0,00240 8°1-8.6% | 36,1 | 2.54 | 0.0176 | 7.0
0418€ -2 37.5 | 9.62 | 0.0641 | 7.8

04188 -3 34,4 | 75,00 | 0.1089 | 6.8

04190 -4 22,8 | 19.58 | 0.2143 | 2.8

04194 -6 36,9 | 5.30 | 0.0369 | 7.2

4/7/56 | 04218 IMa-0 | 0,00241 8°]-8,5° | 20.6 | 00,00 | 0.0000 8.3
04219 -1 40,8 | 4.20 | 0.0257 | 8.7

04220 ) 39,7 | 2,05 | 0,0129 |} 7,9

04221 -3 41,7 | 6,23 | 0,0373 | 9,1

04223 -4 38.6 | 11.89 | 0,0770 | 8,1

04225 -5 41,5 | 16,00 | 0.0964 | 10.4

04227 -6 38,2 | 17.30 | 0,1132 | 9,1

04229 -7 26,0 | 19.60 | 0.1885 | 4.2

04231 -8 34,6 | 20,00 | 0.2445 | 7,5

4/7/56 | 04233 | 1IMa-0 | 0,00241 9°| -8.6° | 38,6 | 00.00 | 0.0000 | 8,7
04234 -1 38.2 | 3.46 | 0,0220 | 8.6

04235 -2 38,1 | 5.44 | 0,0357 | 9.1

04236 -3 38,3 | 9,00 | 0,0588 | 9,7

04239 -5 36,2 | 14,51 | 0,1002 | 9.3

04240 -6 39.4 | 18,91 | 0,120 | 10.1

04242 -7 24,0 | 18,69 | 0.1951 | 3.9

04244 -8 31.6 | 19,90 | 0.,1574 | 6.6

4/1/56 | 04247 |[I11IMa-0 | 0.00241 | 10°| -8.6° | 37,7 | 00.00 | 0.0000 | 9.6
04248 -1 39.6 | 2.36 | 0,0150 | 10,4

04249 -2 29,7 | 5.05 | 0,0318 | 10,8

04250 -3 39.3 | 6.61 | 0,0416 | 11,5

04252 -4 43,6 | 8,05 | 0.0461 | 13,4

04253 -5 43,9 | 13.34 | 0,0760 | 14.4

04255 -6 40,8 | 19,20 | 0.1175 | 12.4

04267 -7 23.4 | 19.87 | 0,2118 | 3,9

04259 -8 32,6 | 18.80 | 0,1440 | 7.9

4/10/56 | 04350 10-C | 0,00242 8°1-0,5° | 38.9 | 00,00 | 0.0000 | 7.7
04352 -1 38,5 | 12,06 | 0.0781 | 9.6

04354 -2 35.1 | 14.38 | C.1016 | 8,8

04356 -3 35.9 | 19.62 | 0.,1388 | 9.8

04358 -4 18.2 | 21,60 | 0.297 2,7

04360 -5 26,0 | 20,67 | 0,1847 | 642

4/10/56 | 04376 110-0 | 0.00242 9°] -0.8° | z6.6 | 00.00 | 0.0000 | 7,9
04362 -1 18,3 | 16.97 | 0.272 3.6

03385 -2 30.6 | 20.37 | 0,1862 | 7,9
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TABLE II.
(Concluded, )

Record Run
Date Number | Number e 90 s | Q2 N My e
4/10/56 | 04367 110-3 | 0,00242 9°1 -0,6° | z6.8 | 21,28 | 0.1447 | 10.8
04369 -4 17,9 | 22,2 0.310 2,3
04372 -5 37.2 | 16,75 | 0,1058 | 10,1
4/10/56 | 04378 | 1130-0 | 0,00242 | 10°| -0,5° | 38.8 | 00,00 | 0.0000 | 10.2
04380 -1 15,5 | 20,97 | 0,338 2,7
04382 -2 27,0 | 21,1 | 0.196 6.8
04385 -3 3.3 | 21,6 | 0,148 | 11,3
04387 -4 18.8 | 21.4 | 0.285 2,8
04389 -5 36,6 | 16,21 | 0.1107 | 11.7
04391 -6 35¢8 | 7,29 | 0.0509 | 8.6
4/11/56 | 0441€ IP-0 | 0,00244 | 10°] -0,5° | 34,4 | 00.00 | 0.0000 | 8.0
04418 -1 37.2 | 3,16 | 0,0212 | 10,2
04420 -2 3742 | 5430 | 0,0356 | 9.8
04422 -3 3647 | 7.67 | 0,0516 | 9.8
04424 -4 3646 | 12,18 | 0,0831 | 10,5
04426 -5 38,6 | 17.18 | 0.1115 | 12.3
4/11/56 | c4428 IIP-0 | 0.00244 9°1 -0,6° | 38.6 | 00,00 | 0,0000 | 9.3
04429 -1 37.6 | 3.39 | 0.0226 | 8,9
04431 -2 35,0 | 5.75 | 0.0410 | 7.8
04433 -3 38,4 | 9.28 | 0,0610 | 9.9
04435 -4 36,1 | 12,76 | 0,0883 | 9,3
04437 -5 36,0 | 16,02 | 0,1115 | 9.6
4/11/56 | 04439 | T11P-0 | 0,00244 8° | -0,5° | 34,0 | 00,00 | 0.0000 | &.8
04440 -1 32,6 | 2.73 | 0,0210 | 6,0
04442 -2 35.6 | 4,70 § 0,0330 | 6,8
04444 -3 36,1 | 8,99 | 0,0622 | 8,0
0444¢ -4 37,1 | 13,36 | 0,0900 | 9.5
04448 -5 36,9 | 17,22 | 0.1165 | 9.5
4/9/56 —-- 1IN-1 | 0.00241 9°1-0,5° | 34,9 3.14 ] 0.0225 | 7.6
— -2 38,2 | 4.72 | 0,0310 | 9.0
--- -3 38,6 | 9.18 | 0,0596 | 10,0
-—- -4 39.0 | 12.80 { 0,0820 | 10,7
—es -5 39,6 | 16,02 | 0,1012 | 11,5
4/9/55 -—- 111¥-1 | 0.00241 8°| -0,5° | 36,1 | 2.88 | 0.0200 [ 7.1
- -2 36,4 | 4,59 | 0,0315 | 7.2
- -3 37,0 | 8.04 | 0,0543 | 8,2
— -4 37.6 | 13,07 | 0,0869 | 9.9
i -5 38,6 | 18,13 | 0.1174 | 11.3
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The vortex pattern in the wake of a single-bladea
hovering helicopter rotor as obtained from smoke
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Figure 2, Coordinate system used in hovering flight analysis.
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Figure 3., Comparison of the theoretical and experimental values

of the wake contraction exponent, Az s for a single-
bladed hovering modsl rotor.
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Figure 4, Comparison of the theorotical and experimentnl valuas
of the ultimate wake Felix pitch arngle paremeter, Kz,
for a single-vladed rovering model rotor.
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bladed hovering model rotor.
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Figure 7. Calculated spanwise aerodynamic loading of a single-
bladed hovering model rotor. (,0.00250;6,* 8.5
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